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Chapter 0

Introduction

Notes on this early, incomplete draft.

There are some inconsistencies, since some of the chapters were salvaged from
an earlier version.

I need to go through and fix details re dual fields, reversing orientation of
manifolds, etc. (This stuff was deliberately omitted in the first draft to save
time.) (At present this has been done in some chapters but not others.)

need to add references and bibliography
some parts have not been proof read

my notational preferences evolved as this was written, so there are some no-
tational inconsistencies

Notes for this introduction (to-do list):

give outline of all the chapters
acknowledgements (many or few?)
this is partly expository, partly new stuff

key idea: Computing the path integral by actually integrating against some
measure on the space of fields is notoriously difficult, so to develop a mathe-
matically rigorous theory we need to take a detour around this obstacle. Most
previous approaches follow Segal and Atiyah [need refs] and take a rather
wide detour: a TQFT is defined (roughly) to be any choice of vector spaces
for n-manifolds and vectors for n+1-manifolds which satisfy algebraic prop-
erties suggested by the path integral. Here we make a tighter detour around
the path integral. We retain the notion of fields on manifolds and require



CHAPTER 0. INTRODUCTION

that the vector spaces for n-manifolds be constructed out of these fields by
local relations (or dually local projections). These local relations carry the
same information as the path integral of the n+1-dimensional ball B"*! with
all possible boundary conditions. One advantage of this approach is that the
higher algebra / higher codimension / multi-tier structure [cite Freed (and also
xxxx?)] is automatically present all the way down to dimension zero. Another
advantage is that we can construct most (all?) known TQFTSs in a uniform
framework.

I’'ve tried to give good citations, but there are bound to be inadvertant omis-
sions (comments welcome) [this is for the future — there are very few citations
at the moment]

hard to decide what order to put things; some readers might want to skip
ahead to examples before reading all of the general theory

I’ve gone part way toward making things general in a category-theoretic sense,
but not all the way. (e.g. I usually assume the target category for the TQFT is
complex vector spaces, but the proofs for the most part work more generally.)

need to comment on references; should I add historical notes at the end of
chapters?



Chapter 1

From Path Integrals to Local
Relations

In this chapter we give a non-rigorous argument showing that topologically invariant
path integrals are more or less equivalent to the systems of fields and local relations
described in detail (and rigorously) in the Chapter 4. We’ll pretend that the integrals
make sense and can be manipulated in the usual ways, and see that this leads directly
to local relations. In turns out that fields and local relations make a good foundation
for a rigorous treatment of TQFTs, especially the high codimension parts of the
theory. In Chapter 6 we will show that in many cases [be more specific here?] the
full path integral can be recovered combinatorially from the local relations.

1.1 Path Integrals and Projections

Fix a “top dimension”, which we denote n + 1 for historical reasons.

Let C be a system of fields for manifolds of dimension less than or equal to n+ 1.
Since this is a non-rigorous argument, it’s not worth the trouble to define precisely
what a system of fields is. Standard examples are C(X) is the set of all maps from
X to some fixed space B, or C(X) is the set of all equivalence classes of G-bundles
with connection over X. In both cases, if X has boundary then we usually fix a
boundary condition ¢ € C(0X) and let C(X;c) denote the set of all fields which
restrict to ¢ on the boundary. We give formal axioms for fields in Chapter 3.

For each n+1-manifold M and each ¢ € C(OM), assume we have a function

T:C(M;c)—T.

Here T C C denotes the the circle group. (In more traditional notation, T' = e*°
for some S : C(M;c) — R. S is called the action for the theory.) Assume that 7" is
local, in the sense that it is multiplicative (i.e. S is additive) with respect to disjoint

unions and it commutes with gluing. In other words, we can cut M into pieces and

3
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a

Fields on glued manifold

compute 7' on C(M) in terms of T on C of the pieces. We further assume that 7'
is invariant under the action of boundary-fixing homeomorphisms on C(M;c). In
other words, T is topologically invariant.

Now assume that we have defined some sort of integral and class of integrable
functions on C(M;c), and that T is in this class. Define the path integral

Z(M:e) = / T(z) € C.

xeC(M;c)

Suppose OM =Y U ~Y UW and let My denote M glued to itself along £Y.
Let ¢ € C(0Myg1) = C(Wy) and let ¢ also denote the corresponding field on W. Let
d € C(9Y) be the restriction of ¢ to Y C OW. (See Figure (1.1.1).) Assume that
we can also integrate a class of functions on fields on n-manifolds, and that

- [ - [ [

x€C(Myi;c) aeC(Y;d) yeC(M;a,a,c)

In other words, assume that we can “integrate along fibers”.

Let Y be an n-manifold and d € C(9Y). Consider the n+1-manifold Y x I
(pinched at 9Y x I if Y has boundary, so that (Y xI) = YU-Y'). For a,b € C(Y;d)
define

Ky (a,b) = Z(Y x I;a,b) = / T(x).

z€C(Y xI;a,b)

Since (Y x I Uy (Y x I) 2Y x I, we have, by (1.1.2),

/ Ky (a,) Ky (y,b) = Ky (a,b).

yeC(Y;d)
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Let F(Y;d) denote an appropriate space of functions C(Y;d) — C. Define 7y :
F(Y;d) — F(Y;d) by

6= [ D).
yeC(Y;d)
Then it follows from (1.1.3) that 7y is a projection,
72 = 7y.
Finally, define Z(Y';d) C F(Y;d) to be the image of this projection,

Z(Y;d) = my (F(Y;d)). 1.1.4

1.2 Functorial Properties of the Path Integral
For an n+1-manifold M, let Z(M) be the function
Z(M):C(OM) — C
c — Z(M;c).

Then clearly

Z(M) € Z(OM).
(Proof: Glue a collar of 9M to M and apply (1.1.2). The result is still M.) It
is also easy to see that for any closed m-manifolds Y7 and Y3, there is a natural

identification
Z(Yl L Yg) = Z(Yl) (= Z(Yg),

and that for any n+1-manifolds M; and Ms
Z(My U M) = Z(M) @ Z(Ms) € Z(OM,) @ Z(0Ms).
Integration gives a pairing
ZY)®Z(-Y) — C
fog - [t

zeC(Y)
If OM =Y U -Y W, this pairing induces a trace map
Z(OM) = Z(Y)® Z(=Y) ® Z(W) 25 Z(W) = Z(0My),

and
Z(Mg) = try (Z(M)).
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E
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a
Disk in Y (two cases)

The above constitutes a gluing (without corners) formula for n+1-manifolds.
Similarly, if Y is an n-manifold with boundary and d € C(9Y), there is a pairing

Z(Y;d)® Z(-Y;d) — C
fog » [ Ja).
zeC(Y;d)
If OM =Y U—-YUW (setup for gluing with corners [include figure?]), then for each
c € C(9Y) there is a trace map
Z2(Y:d)® Z(~Y:d) © Z(W:d,d) "% Z(W:d, d).

These maps (for each d) combine to determine a map

try

Z(OM) — Z(0My),
(see (6.1.4)) and again
Z(Mg) = try (Z(M)).

The above constitutes a gluing (with corners) formula for n+1-manifolds.

1.3 Locality of Z(Y)

We want to show that Z(Y;d) is defined by local relations. Let D C Y be in
n-ball (possibly intersecting 9Y), and let Y’ be the closure of Y \ D (see Figure
(1.3.1)). Let E=90DNY’'. Let aUyg o’ € C(9Y), where a € C(OD N JY;da) and
a' € C(OY'NAY;0a). (If D is in the interior of Y then a is the unique field over the
empty n—1-manifold.) Then

C(Y;aud) = U C(D;a,z) x C(Y';d, x).
z€C(FE;0a)
Restriction then gives an identification

F(Y;aUd) = H F(Dja,z) @ FY';d , x).
z€C(FE;0a)
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Dx1I
DXI/DXIAXIVXN ﬁ?x[

Decomposing a collar into local collars

(This is a product rather than a direct sum because non-zero components are allowed
for infinitely many z.) Define Pp : F(Y;aUd') — F(Y;aUd') by

Po= J] mpweid.
z€C(E;0a)

(Here we have suppressed a and a’ from the notation on the left hand side.) By the
same argument as before, P,% = Pp. Pp is the local projection corresponding to
gluing a collar D x [ to D C Y.

Now the key point: Y x I can be constructed by gluing D; x I to Y x {0}, where
D; runs through an open cover of Y. (See Figure (1.3.2).) It follows that 7y can
be written as composition of the Pp,’s. This implies that

m(ﬂ'y) = ﬂ im(PDi).
D;

(Note that my and the Pp,’s all commute, because the corresponding topological
gluings commute.)

Requiring that f € im(Pp) is a local condition, in the sense that it only depends
on what’s going on inside a disk in Y. Thus we have obtained a local description of
im(my).

Dually, we can define y ~ z if Pp(y) = Pp(z), where y and z are linear combina-
tions of fields on D. These are the local relations with which we will be concerned
for the rest of the book.

In practice, it turns out to be easier to define systems of local relations than it
is to define a path integral, so in the Chapter 4 we axiomatize these local relations.

Note that Pp encodes the same information as Z(D x I) = Z(B"*!), so speci-
fying a local relation is tantamount to specifying the path integral of the n+1-ball.



CHAPTER 1. FROM PATH INTEGRALS TO LOCAL RELATIONS



Chapter 2

Zo Homology as a TQFT

[kill this chapter?? is it needed?]

In this chapter we use the Zy (= Z/27Z) homology of a surface to introduce the
key concepts of local relation, cylinder category, and gluing theorem. All of this is
redone in greater generality in Chapter 4, so some readers may want to skip directly
to that chapter. This chapter can be thought of as a warm-up for Chapter 4.

The proofs in this chapter are overkill if the goal is merely to investigate Zo
homology, but they have the virtue of generalizing to many other contexts.

More specific (less general) generalizations of this “Zs-homology theory” can
be found in Section 8.1, where we consider a larger class of local relations on 1-
submanifolds, and Section 8.5, where we replace Zo with an arbitrary finite group.

2.1 The Basic Construction

Let Y be a closed, oriented 2-manifold without boundary. Consider the set C(Y") of
all unoriented 1-dimensional submanifolds of C' of Y (including the empty subman-
ifold), modulo the equivalence relation generated by:

(a) C ~ C"if C and C" are related by an isotopy supported in a disk;
(b) C ~ C"if C' is obtained from C by removing a small trivial circle; and

(¢) C ~ C"if C and C" are related by an elementary homology contained in a
disk.

This relation is shown schematically in Figure (2.1.1). Here and throughout we
adopt the well-known convention that relations illustrated on disks apply to all
curves (or fields or whatever) which agree outside of the disk in the figure.

For our purposes, the most important thing about this equivalence relation is
that it is local, in the sense that it is supported within a disk.

9
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__________

................

----------

.........

Local relations for Zy homology

Of course, C(Y')/~ is naturally isomorphic, as a set, to H1(Y;Zz). But we will
pretend that we know nothing of homological algebra and instead rely mainly on
the fact that ~ is a local relation.

Let A(Y) be the vector space consisting of all finite formal C-linear combina-
tions of elements of C(Y), and define A(Y) = A(Y)/~. A(Y) is a vector space of
dimension |H1(Y'; Zsa)|.

We would like to be able to calculate A(Y) and construct an explicit basis. To
do that we will need a gluing theorem, and to state the gluing theorem we will
need to extend the above constructions to 2-manifolds with boundary, which we
now proceed to do.

If S is a 1-manifold, define C(S) to be the set of unoriented, properly embedded
O-dimensional submanifolds of S (including the empty submanifold). Let Y be a
compact, oriented 2-manifold with boundary, and let a € C(9Y). Define C(Y;a) to
be the set of all unoriented 1-dimensional submanifolds of C' of Y such that 9C = a.
Define Z(Y; a), ~, and A(Y;a) as above, with all isotopies fixing 0Y .

2.2 Gluing

Let Y be a 2-manifold with gluing data: 9Y is decomposed into three disjoint
pieces, Y = S, U S_ U Sy, and there is an identification S, = —S_ (i.e. Si
is identified with S_ with reversed orientation). (See Figure (2.2.1).)  Let Yy
denote the 2-manifold obtained by gluing Sy to S_. Note that 0Yy = Sy. Given
(a,b,c) € C(S4+)xC(S=)xC(Sp) = C(9Y'), we have the vector space A(Y;a,b,c). We
would like to calculate A(Yq; c) in terms of the vector spaces A(Y'; a, b, c) for various
a and b. (¢ € C(Sp) = C(0Y1) will be fixed throughout the following discussion.)
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S, S

g 9

SO So -
Gluing 2-manifolds

For all z € C(S4+) = C(S-) gluing yields a map
gl, :C(Y;z,2,¢) = C(Ygs0),
which induces a linear map
el A(Yiz,.0) — AYgic).
The latter map is compatible with the local relations, and so induces a linear map
gl, 1 A(Y;z,2,¢) — A(Yac).

By general position, every C' € C(Yy;c) is isotopic to some gl(C’) where C’ €
C(Y;x,z,c) for some z. Therefore we have a surjective linear map

gl: @ AY;z,2,¢) — A(Yyg,c).
zeC(S+)

If we can describe the kernel of this map, we will have proved the desired gluing
theorem.

Let C € C(Y;a,b,c) for some a,b € C(S1), and let e € C(S+ x I;a,b). (See
Figure (2.2.2).) Let Ce =CUg, e € C(Y;b,b,c) and eC = CUg_e € C(Y;a,a,c).
Then clearly

gy(Ce) ~ g, (cC) € C(¥yric)

(via an isotopy which shifts along the gluing locus in Yy), and so, moving from
C(Yais¢) to A(Yg;c),

Ce —eC € ker(gl) C @ A(Y;z,x,¢).
z€C(S+)

(Here C also denotes its equivalence class in A(Y;a,b,c).)
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W

EP//J
-

More than one way to glue a collar

V\
/

We claim that elements of the form Ce — eC' generate all of ker(gl). Consider
the following commutative diagram:

D, A(Y T,T c)—>A( ol; C)

pl lq

DAYz, x c)—>A( ol5 C)

(The quotient maps are denoted by p and ¢.) The top gluing map is injective and
the other three maps are surjective. Let K denote the subspace of @, A(Y;z,z, c)
generated by ker(p) and elements of the form Ce — eC. It suffices to show that
gl(K) c A(Y, o1; ¢) contains all elements of the form A — A’, where A and A’ differ
by a generating local relation supported in some disk D C Y. Arbitrary isotopies
on Yy are generated by (a) isotopies supported away from the gluing locus in Yy
and (b) a shift isotopy supported in a collar of the gluing locus which moves the
gluing locus off of itself. If £ and E' € C(Yy;c¢) differ by an isotopy of type (a),
then E — E' = gl(F') where F € ker(p). If E and E’ € C(Yy; c) differ by an isotopy
of type (b), then E = gl(eC') and E’ = gl(Ce) for some C and e as above. It follows
that if £ and E' € C(Yy; c¢) differ by a general isotopy, then E — E’ € gl(K). Hence
we can assume that the disk D above is disjoint from the gluing locus, since D can
be isotoped off of the gluing locus. Clearly in this case A — A" = gl(F) for some
F € ker(p).
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We have now proved

Theorem. With notation as above, let L C @, A(Y;x,z,c) be the subspace gen-
erated by all elements of the form Ce — eC, where C € C(Y;a,b,c) and e €
C(S+ x I;a,b) for some a,b € C(S1). Then there is a natural isomorphism

(Y5 EBAY&:J:C

2.3 Cylinder Categories

The gluing theorem can be usefully restated in term of actions of cylinder categories.
Let S be a l-manifold. Let A(S), the cylinder category associated to S, be the
category with objects C(S) and morphisms mor(a,b) = A(S x I;a,b). Composition
of morphisms is given in the obvious way by gluing cylinders.

Note that A(—S) is naturally isomorphic to A(S)°P, and that A(S U S’) is nat-
urally isomorphic to A(S) x A(S’).

If Y = SUR and ¢ € C(R), then Y and ¢ determine a representation of A(S)
as follows. To each object a of A(S) (i.e. a € C(S)), we associate the vector space
A(Y;a,c). To each morphism f:a — bof A(S) (i.e. f € C(Sx1I;a,b)), we associate
the linear map

Gy:AY;a,c) — A(Y;bc)
x — zUf.

In other words, Gy is given by gluing a copy of f to Y along S.

Now let Y be a surface with gluing data as above, 0Y = S, US_1Sy. Let A =
A(S4) = A(S-)°P. Fix ¢ € C(Sp). For (a,b) € C(S4US_), define Vo, = A(Y;a,b,c).
As described above, the collection of vector spaces {V;} affords a representation of
A x A% = A(S; U S_). For all a there is a linear map

gl, Vaa—)A( gl; € )7

and for every morphism e : x — y of A there is a commutative diagram

/ \

A(Ygic)
\/

(See Figure (2.2.2).)
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Theorem. A(Yg;c) is the universal object with the above two properties. In other
words, if there is a vector space W and linear maps fq : Voo — W for all x, such
that for all e : © — y the following diagram commutes

“V \
\ /

then there exists a map g : A(Yg;¢) — W such that f, = g - gl, for all x. ]

This is just a restatement of the first version of the gluing theorem. It has the
advantage of generalizing to the case where target category is not a vector space.

For example the theorem remains true if we systematically, in the above discus-
sion, replace A(Y,a) with the set of all properly embedded 1-submanifolds in Y,
modulo isotopy, with boundary a. In this case A x A°P acts on the collection of sets
{Vap}, and A(Yg; ¢) is the universal set having the above properties.

The above universal construction is usually called the coend (dual to end) of the
A x A°P action. (See for example [Mac98, p. 226].) From our point of view, it would
be better to call this the gluing of a representation V of A x A°P, but “coend” is
already well-established so we stick with that terminology.

2.4 Semisimplicity

Back to the Zg-homology vector spaces A(Y;a). The categories A(S) (where S is a
closed 1-manifold) have the additional property of being semisimple. (See Appendix
B for details.) This means, among other things, that there is a fixed list £(S) of
irreducible representations of A(S), and that any representation p of A(S) can be

written as
P2 P rawa,
a€cL(S)

where the isomorphism is natural, and p, = hom(a,p). It is also the case that
LASUS)) = L(A(S)) x L(A(S)) (i.e. the irreps of A x A’, where A and A’ are
semi-simple, are isomorphic to the products of irreps of A and A’).

More specifically, let ey, es,e3,e4 be the morphisms of A(S') shown in Figure
(2.4.1). The ¢;’s are a complete set of minimal idempotents for A(S!). That is,
eie; = e;, eje; = 0 if i # j, any morphism f of A(SY) can be written as 2411 gieih;
for some {g;, h;}, and no larger set of idempotents has this property.

Let a; = A(SY)e; as a left A(S') representation. Geometrically, a; is St x I with
e; fixed on one end, arbitrary curves-mod-relations on the rest of S' x I, and A(S')
acting on the other end (see Figure (2.4.2)).
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! 1 LY, (Y

Idempotents for A(S!)

(2 Ned

The representation o

If o is an irrep of A(S(9Y)), define
A(Y;0) = A(Y;-)a = hom(a, A(Y;-)).

More concretely, if Y = S! then A(Y;q;) is naturally isomorphic to the space of
all curves (mod relations) on Y which coincide with e; in a collar of Y. In general,
we put an idempotent at each closed component of JY.

Reflection in the I direction gives functor A(S) — A(S)°P for any closed 1-
manifold S, and the square of this functor is the identity. This allows us to identify
representations of A(S) with representations of A(S)°P. For the Zgs homology theory,
a = aP for all irreps «, but this doesn’t hold for general theories. (Also, there are
no Frobenius-Schur complications (see (13.0.1)) for the Zs homology theory.) If
a ® (B is an irrep of A x A°P, then the coend of o ® § is naturally isomorphic to
C if a = [°P, and zero if o 2 F°P. From this follows a third version of the gluing
theorem:

Theorem. Let Y be a surface with boundary 0Y = Sy US_1Sy, and let Yy denote
Y with Sy and S_ identified, as above. Let (3 be an irrep of A(Sy). Then

A(Yglaﬁ) = @ A(Ya Oé,()é,ﬁ).

a€L(A(S4))

[talk about 3-dim’l part of theory?]

[need to make boundary orientation and left/right action conventions consistent]
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Chapter 3

Topological Fields

The techniques of the previous chapter generalize easily to manifolds of arbitrary
dimension and a wider variety of functors C and local relations. In this chapter
we formalize the properties of C which are needed to make the constructions work.
(General requirements for local relations are given in Chapter 4.) Functors C satis-
fying the requirements will be called topological fields. (The term “field” is borrowed
from physics, where typical examples are the set of maps from a manifold into a
linear space, or the set of connections on a bundle over a manifold.)

In a nutshell, a topological field is a collection of functors from manifolds of
dimensions 0, ..., n to sets which behave well under cutting and pasting. Our main
examples are the set of maps from a manifold into some target space B, and the
set of embeddings of cell complexes (perhaps with additional structure and specified
local combinatorics) into a manifold. One of the goals of this chapter is to lay the
groundwork for more exotic examples.

(Impatient readers would do well to skip this chapter and just assume that
“topological field” means one of the main examples.)

We start by listing the properties of manifolds that we will use. We then define
topological fields as a collection of functors which preserve these properties in the
appropriate way.

[T haven’t yet carefully checked that the field axioms given below are complete.
I might need to add a couple of more axioms.]

3.1 Manifolds

Our manifolds will always be oriented and compact. They might have additional
structure (e.g. [need examples of additional structure]). They could be PL or
smooth. [for smooth, need to say more about corners; also could be topological?]
Morphisms between manifolds of the same dimension will always be orientation-
preserving homeomorphisms (or diffecomorphisms in the case of smooth manifolds)
unless specified otherwise.

17
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gl

Gluing manifolds

Let M; denote the category whose objects are compact, oriented manifolds of
dimension ¢, and whose morphisms are orientation-preserving homeomorphisms. In-
cluded in each M; is (), the empty manifold of dimension 7.

The collection of categories {M; }i>o has the following familiar additional struc-
ture.

Boundary. There is a functor 0 : M; — M,;_1. On objects 0 is the usual boundary
of manifolds (with the “outward normal last” orientation convention, say [is this the
convention I want to use?]). For f :Y — W a morphism, 0f is defined to be f
restricted to Y, a morphism from 9Y to OW. If Y = (), we say that Y is closed.

Orientation reversal. There is an orientation reversal functor — : M; — M;. For
objects, —A is A with the opposite orientation. For morphisms, — f is identical to f
as a map of sets. —?2 is the identity functor. — commutes with 9; i.e., 3(—A) = —9A.

Disjoint union. There is a functor LI : M; x M; — M, given by disjoint union.
(M; x M; denotes the abstract product of categories.) Up to canonical isomorphism,
this operation is commutative and associative. The empty i-manifold acts as the
identity element. LI gives M; the structure of a commutative monoid.

Gluing without corners. Given an i-manifold M and an identification OM =
YU—-YUY’, there is a glued manifold gly (M) obtained by identifying the two copies
of Y in OM. (See Figure (3.1.1).) There is a natural isomorphism 9(gly (M)) =Y,
and — gly (M) can be identified with gly (—M). If the gluing region +Y C OM is
clear from context, we write simply gl(M). If M = My U My, Y C 9M;, and
—Y C OM,, then we sometimes use the notation My Uy My or simply My U Ms.
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Y. -Y
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Gluing manifolds with corners

Gluing with corners. Let M be an i-manifold and M =Y U-Y UY’. (That
is, OM has an identification with the gluing-without-corners Y U =Y U Y’, and
Y’ =9(Y U-Y).) Then there is a glued manifold gly (M) obtained by identifying
the two copies of Y in M. (See Figure (3.1.2).) There is a natural isomorphism
d(gly (M)) = glgy (Y'), and —gly (M) can be identified with gly (—M). Note that
gluing without corners is a special case of gluing with corners (corresponding to
Y = 0). If the gluing region +Y C OM is clear from context, we write simply
gl(M). If M = My U Ms, Y C OM;y, and =Y C OMs, then we sometimes use the
notation M; Uy My or simply My U Ms.

Product with I. There is a functor M; — M, given by M — M x I and
f— f xid. (Here I denotes the unit interval [0,1] C R.) Unless stated otherwise,
our products will be “pinched” along the boundary, so that 9(M xI) = (—M)Ugn M
(rather than (—M) U (OM x I) U M).

Collar neighborhoods. Let M = Y UY’. Then there is a collaring morphism
(homeomorphism) M — M Uy (Y x I), well-defined up to isotopy rel boundary.

[?? add composition of prod bordisms 77]

3.2 Topological Fields

Before defining topological fields, we give some examples. The reader is encouraged
to keep these examples in mind when reading the subsequent abstract axioms for
topological fields.

Mapping spaces. Given a topological space B, define

MFp(X)={f: X — B},
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the set of all continuous maps from a manifold X to B. We will be particularly
interested in the case where B is the classifying space BI" of a finite group I'. When
the space B is either irrelevant or clear from context, we will omit the subscript B
from the notation.

MUEF is a functor (either covariant or contravariant, since all morphisms of M, are
invertible), and it preserves monoidal structure (that is, MF(X;UXs) = MF(X7)X
MF(Xs), and similarly for morphisms). If f € MF(X), we define df to be f
restricted to 0X. Maps can be glued together if they agree on the gluing region,
and all maps on the glued manifold are obtained in this way.

Designs. Define
S(X) = {codimension-1 unoriented PL submanifolds of X}.

The submanifolds should be properly embedded and transverse to 0.X.

Submanifolds can be glued together if they agree on the gluing region, but note
that not all elements of S(gl(X)) are obtained from S(X) in this way. A submanifold
of gl(X) is so obtained if and only if it is transverse to the image in gl(X) of the
gluing region. Of course this is, in various senses that can be made precise, almost
all of S(gl(X)), but this “almost all” instead of “all” will complicate our axioms for
topological fields.

[give more precise def: embedded complex, specified local behavior, labels, orienta-
tions]

The above functors can be generalized to fancier “designs” on manifolds. [maybe
find a better term than “designs”.] (See for example [forward refs; e.g. G2].) Our
generic name for such generalizations will be DF. For example, we could define
DF(Y), for a 2-manifold Y, to be the set of all trivalent graphs G in Y, with
oriented edges and colors assigned to each edge and each component of Y \ G.
[need fig] As before, these should be properly embedded graphs, transverse to JY'.
Define DF(R), for a 1-manifold R, to be the set of all properly embedded, oriented
O-submanifolds of R (i.e. a finite collection of signed points in the interior of R),
with colors assigned to both the points and the regions between the points. Define
DF(Z), for a 0-manifold Z, to be a coloring of the components of Z. Boundaries of
fields are defined in the obvious ways, restricting orientations and colors.

Let Y = RU-—RUR'. A field (i.e. colored, oriented graph) on Y glues up to one
on glp(Y) if and only if its restrictions to the two copies of R agree with orientations
reversed. This suggests that we should define, for any 1-manifold S, a bijection

DF(S) <~ DF(-S), a<a,
where a has the same colors and points as a, but with reversed orientations on the
points.

We now axiomatize topological fields (i.e. list the properties of the above exam-
ples which are needed to make later constructions work).
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Let S denote the category of sets. A topological field (of top dimension n)
consists of a collection of functors

¢ M —S
(0 < i < n) which satisfy the following conditions. (We will usually omit the
subscript ¢ from the notation.)

Boundary. There are boundary maps
0:C(X)— C(0X).
Also, for ¢ € C(0X) we define
C(Xs5¢) = 07! (c) C C(X);

C(X;c) should be thought of as the set of fields on X with boundary conditions ¢
on 0X.

These boundary maps should be compatible with morphisms and the boundary
functor on manifolds: for all ¢-manifolds X and Y and f : X — Y, the following
diagram commutes.

Ci(f)

Ci(X) Ci(Y)
) )
cia(0x = %e,_ (av)

In other words, 0 is a natural transformation between the two functors C; and C;_100
from M; to S.

Examples. For a € MF(X), 0o = a|spx. For f € S(X) (or 8 € DF(X)), 90 is
the (transverse) intersection of § with 0X (preserving colors and orientations for
DF).

Orientation reversal. If X is closed, there is a bijection
C(X)=C(—X), a<a.
For general X, there are bijections

C(X;c) < C(—X,¢), a< a.

Examples. For MF, these are the obvious bijections resulting from ignoring the
orientation of X. For DF, the bijections could involve reversing orientations on
parts of the design; see discussion at (3.2.1).

Disjoint union. The fields preserve monoidal structure: there is an identification

C(Xl (| Xg) = C(Xl) X C(XQ),



3.2.2

22 CHAPTER 3. TOPOLOGICAL FIELDS

and these identifications are compatible with morphisms, orientation reversal, and
boundaries in the obvious ways. Note that this implies that C(()) consists of a single
element.

Gluing without corners. Given an identification
oX=YuUu-Yuw
(see Figure (3.1.1)), the disjoint union axiom provides an identification
C(0X)=C(Y)xC(-Y) xC(W).
Using the boundary and orientation reversal maps, we get two maps from C(X) to

c(y).
0

Eqy (C(X))— C(X) C(OX) ——=C(Y)

Let Eqy (C(X)) denote the equalizer of these two maps. (That is, the set of all fields
in C(X) on which the two maps agree. In the case where Y and —Y lie in separate
components of X, Eqy (C(X)) is a fibered product.) Then there is an injection
gl : Eqy (C(X)) — C(gly (X)) such that the following diagram commutes.

Eqy (C(X))—— C(X) —2> C(8X)

a Jor

C(gly (X))

We will often identify Eqy (C(X)) is its image gl(Eqy (C(X))) C C(gly(X)). If
X =X1UX5, Y C 90Xy and —Y C 9X5, then we will often use the notation a; U o
instead of gl((a, a2)). (Here oy C C(X;).)

Furthermore, we require that for any = € C(gly (X)) and any neighborhood N
of the image of Y in gly (X) there exists a homeomorphism f of gly-(X), isotopic
to the identity and supported in N, such that f.(z) € Eqy (C(X)). In other words,
any field on the glued manifold is close to a field obtained by gluing.

[Need to define restriction ¢|S for codim-0 submanifold S.]

Examples. For MF, Eqy (MF(X)) is all of MF(gly(X)). For S, Eqy(S(X))
consists of all submanifolds of gly-(X) which are transverse to the image of the
gluing region Y in gly (X).

Gluing with corners. Assume an identification

X =YU-YUW,
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with Y and —Y disjoint in 0X. (See Figure (3.1.2).) [correct Y’ vs W inconsistency?]
Let S =0W =0(Y U-Y), and let Eqq(C(Y U—-Y UW)) C C(0X) be as described
n (3.2.2) (gluing without corners on 0X). Define C"(X) = 0~ (Eqg(C(Y U —Y U
W))). C™(X) has two maps (one of which involves orientation reversal) to C(Y); let
Eqy (C™(X)) denote the equalizer of these two maps.

C(X) 9 C(0X)

ng
pr

Eqy (C(X)) = €N(X) —2= Eqg(C(Y U ~Y UW)) —=C(Y)

Let Eqgy (C(W)) C C(W) be as in (3.2.2), for the gluing W — glay (W) = 9(gly (X)).
There is a map 9 : Eqy (C"(X)) — Eqgy (C(W)) induced by 9 : CN(X) — C(0X).
The gluing with corners axiom requires that there is an injection gl : Eqy (C"(X)) —
C(gly (X)) such that the following diagram commutes.

Eqy (C(X)) —2> Eqgy (C(W))

|

Clgly (X)) —2=Clgloy (W)

Furthermore, we require that for any z € C™(X) and any neighborhood N of the
image of Y in gly (X) there exists a homeomorphism f of gly(X), isotopic (rel
boundary) to the identity and supported in N, such that f,(z) € Eqy (C"(X)). In
other words, any field on the glued manifold whose boundary is obtained by gluing
is close to a field obtained by gluing.

As before, we will sometimes use the notation a; Uayg instead of gl((aq, ag)) when
we are gluing distinct components of X together. The subspace Eqy (CT(X)) C
C(gly (X)) is called the gluing subspace relative to this decomposition of gly (X).
Note that the gluing without corners axiom (3.2.2) is a special case of this one.

[add products, collars, homeos of products(?)]

3.3 Extended Isotopy

Plan:

e def: extended isotopy generated by isotopy and gluing of product fields to
collars; gluing e-isotopic fields yields e-isotopic fields
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e note that this is a local relation, since both isotopy and collars can be localized
(need further field assumptions here? (for collars))
e work through several examples (ones that will be used later)

e purpose of this section: do some tedious proofs here so as not to interrupt the
flow (w?) in later chapters

to do:

e 7 generalize to not-necessarily-linear case?

need to be clearer about A maybe/maybe-not being linear (examples will help
with this)

need to define “codim-k” near the start

7?7 need to define “transverse” in field section



Chapter 4

Basic Constructions and
Gluing I

In this chapter we define local relations/subspaces, introduce the basic construc-
tion for codimension 1 (dimension n) manifolds, and prove the codimension 1 glu-
ing theorem. [need to be consistent about hyphenating (or not) codimension 1 or
codimension-1]

Local relations (or dually subspaces) are defined as ones which can be specified
inside an n-ball. Given fields and local relations, the basic construction associates
to each n-manifold Y with field boundary conditions ¢ an object A(Y;¢) (either a
vector space or set in most examples). Given an n—1-manifold S, gluing defines an
associative composition on the various A(S x I;cp, 1), and we get a category A(S).
The category A(QY) acts on the collection {A(Y;-)}, and there is a gluing theorem
describing the glued spaces A(Yy) in terms of the various A(Y’;¢) and the action of
A(9Y). We give several versions of this gluing theorem.

4.1 Local Relations and Local Subspaces

Local relations (or dually, local subspaces) carry the same information as the path
integral of B"*! (see Chapters 1 and 6).

Let C be a field functor and B = B"™ be the standard n-dimensional ball. A
system of local relations for C is a collection of equivalence relations ~ in C(B;c)
(for all ¢ € C(0B)) such that:

e If a,b € C(B;c) are related by an isotopy, then a ~ b. (In other words, ~ is
at least as strong as isotopy. This is equivalent to the topological invariance
of the action.)

e If a € C(B;c) and S is a codimension 0 submanifold of 0B, then ((c|g X
I)Ua) ~ a. In other words, we can glue a product field onto a subset of

25
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the boundary of a and the result is equivalent to a. (This is in some sense
the closure of the isotopy condition.) [maybe define “extended isotopy” in the
fields chapter]

e Let E C B be a subball (possibly intersecting 0B) of B, equipped with
a homeomorphism to the standard ball B. Then ~ on the various C(E;¢)
induces relations on the various C(B;c), and we require that this induced
relation be implied by ~ on C(B;c¢). (In other words, applying ~ to a subball
yields no new relations.)

Let A(B;c) =C(B;c)/ ~.

More generally, we could replace C(B;c) above with f~1(B ;¢), the space of finite
linear combinations of elements of C(B;¢). In this case ~ is equivalent to a quotient
map A(B;c) — A(B;c).

Dually, let Z(B;c) be the space of all functions from C(B;c¢) to C. A system of
local subspaces for C is a collection of subspaces Z(B;¢) C Z(B;c) (for all ¢ € C(0B))
such that:

e If a,b € C(B;c¢) are related by an isotopy, f(a) = f(b) for all f € Z(B;c).

e If a € C(B;c) and S is a codimension 0 submanifold of B, then f((c|s x I)U
a) = f(a) for all f € Z(B;c).

e Let £ C B be a subball (possibly intersecting 0B) of B, equipped with a
homeomorphism to the standard ball B. Then the various subspaces Z(E; )
induce subspaces Z'(B;c), and we require that Z'(B;c) C Z(B;c).

Z(B; c) should be thought of as the image of the local projections in Chapter 1.

4.2 The Basic Construction in Codimension 1

The local relations and subspaces of the previous section give rise to vector spaces
for arbitrary n-manifolds. The construction is fairly obvious, but it takes a while
to state it precisely. Briefly, A(Y’;c) is the quotient of Z(Y;c) by local relations
derived from all balls B C Y. Dually, Z(Y;c) in the intersection of the subspaces
of Z(Y;c) derived from all B C Y.

Let Y™ be a closed n-manifold. For each ball B C Y we have a decomposition
Y = BUY’ and

cy)2 | cBie)xcy’o).
ceC(0B)

Hence

AYV)2 P ABio) 2 A(Y;0).
ceC(0B)
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Subball intersecting boundary

Let ~p be the equivalence relation on C(Y) or A(Y) induced by the local relations
on B and the above decompositions. Let ~y be the equivalence relation generated
by {~p}, where B ranges over all subballs of Y. Define A(Y) = A(Y)/~y (or
A(Y) = C(Y) /my).

Dually, we have, for each B C Y,

zv)yc [ ZBioezy'e).

ceC(0B)
Let N N
Zy < [ 2B;e)®Z(Y'0) c Z(Y).
ceC(0B)
Define
Z2(Y)=()Zs
B

where B ranges over all subballs of Y. [need to revise notation above; ® is not the
right thing; fix below too]

More generally, let Y be an n-manifold with boundary, ¢ € C(9Y), and B C Y be
a subball, possibly intersecting 0Y . Let Sy = dBNJY, 0B = SyUS1, Y = SgU.Ss,
and P = 0S5y = 051 = 053. (See Figure (4.2.1).) Let ¢ = ¢y U cp with respect to
the decomposition Y = Sy U Sy, and let dcg = deg =d € C(P). Let Y =Y’ U B,
so that Y’ = (—S51) U Sa. Then we have decompositions

cvie)2 |J CBiaquea)xCY56 Uc)
c1€C(S1;d)

and

AYio)2 P ABioUea)®AY';6 Ucy).
c1€C(S1;d)
Then as before we can define ~p on C(Y;¢) or E(Y; c), and the various ~p gen-

erate an equivalence relation ~y. We define A(Y;¢c) = A(Y;¢)/~y or A(Y;c) =
C(Y, C)/Ny.
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Dually, we have, for each B C Y,

ZvVioc [] ZBiawua)®Z(Y';éUc).
c1€C(S1;d)

Let
ZpC ] ZBicwUea)®Z(Y;6Ue) C Z(Y;o).
c1€C(S1;d)

As before, define
Z(Y;e) =) Zp,
B

where B ranges over all subballs of Y.

Clearly both A and Z are functorial; boundary-fixing homeomorphisms of Y act
on A(Y;c) and Z(Y;¢). (Since all morphisms are invertible, we needn’t distinguish
between covariant and contravariant functors.)

At this point we have given two definitions of A(B";¢) and Z(B";¢): input for
local relations or subspaces and also the above constructions for subballs of B™. We
must show that these two definitions agree. More generally we will show that for any
n-manifold Y the above constructions of A(Y;¢) (or Z(Y;¢)) yield the same answer
if we restrict the subballs in the construction to come from some open covering of
Y.

Let A"(Y’;c) denote the result of the restricted construction. Clearly A(Y;c) C
A" (Y; ¢) (more subballs means a stronger equivalence relation), so we must show that
A(Y;¢c) D A"(Y;¢). An arbitrary boundary-fixing isotopy of Y can be decomposed
into isotopies supported in balls of the given open cover of Y. Thus the restricted
equivalence relation is at least as strong as isotopy. Let B C Y be an arbitrary
subball in the interior of Y. There is an isotopy of Y which carries B into the
interior of one of the covering subballs. But (4.1.3) in the definition of local relation
[need better way of referring here (and below)] now insures that that any relation
supported in B is also part of the restricted relation. If B intersects 0Y, we convert
B to an interior subball by gluing a collar onto Y. (This relies on (4.1.2) in the
definition.) The collar is added in pieces, each of which is supported in the boundary
of the given covering of Y.

4.3 Cylinder Categories

Our next goal is to describe how A and Z behave under cutting and gluing. This will
entail understanding the effect of shifting a collar of the cutting n—1-submanifold
across the cutting submanifold (see Section 4.4), which motivates the the definitions
in this section.

Let S be a closed n—1-manifold. Define A(S), the cylinder category associated
to S, to be the category consisting of:
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e Objects: A(S)? =C(9).

e Morphisms: A(S)!, = A(S x I;@,b). In other words, the morphisms from a to
b are fields on the cylinder S x I with boundary conditions given by @ and b,
modulo local relations. (In most of our examples this will be a vector space.)

e Composition: Given by gluing two cylinders together to get another cylinder.
Associativity of composition follows from the associativity of gluing.

More generally, if S has boundary and ¢ € C(9S) we can define a category A(S; c)
with objects C(S;¢) and morphisms A(S x I;a,b), where a,b € C(S;c). Here, as
usual, S x I denotes a cylinder with the vertical boundary 95 x I pinched, so that
J(S % I) is naturally identified with (—S)US (the double of S) and aUb € C(9(S xI)).

If S is the empty n—1-manifold, then A(S) is the trivial category consisting of
a single object and (multiples of) its identity morphism.

There is a natural identification
A(S; )P = A(—S;0).

On objects this isomorphism is given by a — @, and on morphisms it is induced by
the orientation preserving map r : (x,t) — (z,1 —t) from S x I to (—=S5) x I.

Composing the above functor with orientation reversal on (—S) x I gives a
contravariant functor from A(S;c) to itself. On objects this is the identity, a — a.

On morphisms it is y — y* def 7@, where y € A(S x I;a,b) and r flips the I factor
of S x I as above.
It is easy to see that there is a natural identification

A(Sl (] SQ) = A(Sl) X A(SQ)

Recall that a right representation of a category A is a functor from A°P to Vi,
the category of vector spaces and linear maps. In other words, for each object x of A
we have a vector space W, for each morphism e : z — y of A we have a linear map
pe : Wy — W, and composition of morphisms is preserved (per = peps = py © pe)-
If A has linear morphisms, then p above is required to be a linear map.

Let Y be a n-manifold with boundary (possibly empty). Then the collection of
vector spaces A(Y';-) affords a representation of A(JY). A morphism of A(JY) is
an equivalence class of fields on 9Y x I, and gluing this as a collar to Y defines
the action of the representation. Associativity of gluing implies that composition is
preserved. We denote this representation of A(0Y) by A(Y). In other words, A(Y)
consists of the collection of vector spaces A(Y’;-) together with the above action of
A(0Y).

Dually, Z(Y;-) affords a left representation of A(0Y). The action of e € A(9Y)},
onz € Z(Y;b) is defined by (e - x)(u) = x(uUe), where u € C(Y;a). As before, we



4.3.2

4.3.3

30 CHAPTER 4. BASIC CONSTRUCTIONS AND GLUING I

denote this representation (collection of vector spaces plus left action of A(9Y")) by
Z(Y).

For any closed n—1-manifold S define Z(S) = Rep(A(S)), the category whose
objects are left representations of A(S) and whose morphisms are natural transfor-
mations (also called intertwiners in this context). Then we have, for all n-manifolds
Y,

Z(Y) e Z(9Y).
This is the categorified version of (1.2.1) and (6.1.1).
Assume now that A(QY") is semisimple (see Appendix B) and let « be a right

irrep of A(9Y'). Define
A(Y;0) = mor(a, A(Y)),

the space of intertwiners from « to A(Y). Let £ be a complete set of irreps for
A(9Y'). Then there is a canonical isomorphism

AY) = EB AY;0) ® a.
acl

In this context, irreps are sometimes referred to as “labels” or “particles”.
If e, € A(OY)}, is a minimal idempotent for a (see Appendix B [need more
specific reference]), then there is a natural isomorphism

A(Y;a) 2 A(Y;b)e,.

In other words, A(Y;«) is naturally isomorphic to the subspace of fields (mod
relations) in A(Y;b) which have representatives containing e, in a collar of 9Y".
Dually, if 3 is a left irrep of A(0Y), we define

Z(Y;B) = mor(3, Z(Y)),

and we have, canonically,

ZV) =P 2(Y;p) ©p

BeL

(where now £ denotes a complete set of left irreps of A(0Y)). Note: In the old-
fashioned axiomatization of TQFTs (see, e.g., [Walk91]) these are the spaces asso-
ciated to surfaces with labeled boundary.

4.4 Gluing Codimension-1 Manifolds

Let Y be an n-manifold on the verge of being glued without corners. In other words,
we have an identification 0Y = (—=S) U SU R (see Figure (4.4.1)), and define Yy to
be Y with S glued to —S. Fix (for the remainder of this section) ¢ € C(R) = C(9Yg).
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—S\' f+5

{2 (9

m More gluing

Our goal is to describe A(Yg;c) in terms of the various A(Y';-,-,¢) and the action
of A(=SUS) = A(S5)°P x A(S) on these spaces.

We'll start with the most abstract formulation of the codimension-1 gluing the-
orem, and then work our way toward more concrete statements.

Theorem. LetY, S, Yy, c be as above.
(a) For each object x of A(S) there is a map

gl, : A(Y;7,2,¢) — A(Yq;0).
(b) For each morphism e : x — y of A(S) the following diagram commutes

A(Y;Z,x,¢)

A(Y;,x,¢) A(Yg50)

X

AY;9,y,¢)

(¢) A(Yq;c) is the universal object (vector space, set, or whatever flavor of A
we’re using) with properties (a) and (b). In other words, given a W and maps
gl A(Y;Z,2,¢) = W (for all ) such that the diagram analogous to the one in (b)
above commutes for all e, there is a unique 0 : A(Yg;c) — W such that gll, = fogl,

for all z.

1/
A(Y7Z/J\7 76) g17
\ V
AY;9,y,c

In other words, A(Yg;c) is the coend (see Appendz':r: A [need more specific reference))
of the action of A(S)°P x A(S) on A(Y;-, - c).

4.4.2
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Proof. Part (a) is obvious; fields which agree on +S can be glued to yield a field on
Y,1, and all local relations on Y are also local relations on Y.

Part (b) follows from the fact that shifting a collar across the gluing submanifold
changes the field by an isotopy. The top arrows in the diagram correspond to gluing
e to —S, and then gluing —S to S to obtain a field on Y. The bottom arrows
correspond to gluing e to S first. The two fields thus obtained differ by an isotopy
of Y1 which shifts a collar across 5, so they represent the same element of A(Yy; c)
and the diagram commutes.

Part (c) requires a little more work. Let g € C(Yy;¢) and g be the equivalence
class of g in A(Yg;c). After an isotopy, we may assume that g is transverse to
the gluing submanifold (image of £5) in Y. Then g = gl (g") for some g¢f €
A(Y;Z,x,c), where  is g restricted to +S5. Necessarily, we define 6(g) = gl’,(¢).
Thus @ is unique if it exists.

It remains to be shown that the above procedure for defining 0 yields well-defined
results. We must show that if g and h are equal in A(Yy;c), then gl (¢*) = gl’y(hﬁ)
(where y is h restricted to +S). If g and h are locally related with respect to a ball
B C Yy disjoint from £S5, then ¢* = h¥, so a fortiori gl (¢*) = gl,(h*). If g and h
are related by a collar shift isotopy along 5, then gl’(¢%) = glgl(hﬁ) by the assumed
commutativity of the above diagram for W and gl’. Since collar shift isotopies plus
isotopies supported in balls disjoint from +S generate arbitrary isotopies on Yy,
gl (¢*) = gl’y(hﬁ) if g and h are related by an arbitrary isotopy. Finally, suppose g
and h are locally related with respect to a ball B not disjoint from +S. Let ¢ be
an isotopy of Yy which moves B off of 5. Note that ¢(g)* is related to p(h)* by a
local relation supported in p(B). Then gl (¢*) = gl’, (p(9)*) = gl’(p(h)) = glfy(hﬁ),
where w and z are the restrictions of ¢(g) and p(h) to £8S. O

There is, of course, and dual version of the gluing theorem for Z:

Theorem. LetY, S, Yy, c be as above.
(a) For each object x of A(S) there is a map

re: Z(Yg;c) = Z(Y;Z,2,¢).

(b) For each morphism e : x — y of A(S) the following diagram commutes

Z(Y;Z,z,c)
% \
Z(Y;y,x,c) Z(Yq;0)
1xe°P /
Z(Y;3,y,c¢)
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(¢) Z(Yq;c) is the universal object with properties (a) and (b). In other words,
given a W and maps rl, - W — Z(Y;Z,z,c) (for all x) such that the diagram
analogous to the one in (b) above commutes for all e, there is a unique 6 : W —
Z(Yg1;¢) such that rl, = ry 06 for all x.

Z(Y;Z,z,c)
ex1 \
Z(Y;:I/J\,$,C) <__
1xe {//
Z(Y;9,y,¢)

In other words, Z(Yg1;c) is the end (See Appendiz A [need more specific reference])
of the action of A(S)°? x A(S) on Z(Y;-,-,c).

The proof is dual to the proof of (4.4.2). The map r, : Z(Yq;¢) — Z(Y;2,2,¢) is
given by restricting a function in Z(Yy; ¢) to the subset gl (C(Y; 2, x,c)) of C(Yyi; ¢).

In the remainder of this section we state a number of special cases of the
codimension-1 gluing theorem.

Corollary. LetY, S, Yy, c be as above. If the target category of A (on n-manifolds)
1s the category of vector spaces, then

A(Yq;c) = @ AY;z,x,¢) | [{ev ~ ve).
zeC(S

By (ev ~ ve) we mean the subspace of @ng(S) A(Y;Z,x,c) generated by all ev—ve,
for all morphisms e : x — y of A(S) and all v € A(Y;y,z,c). Here we write the
action of A(S) as juztaposition on the right and the action of A(S)°P as juztaposition
on the left.

Note that € above means finite linear combinations.

Corollary. LetY, S, Yy, c be as above. If the target category of Z (on n-manifolds)
s vector spaces, then

Z(Ya;¢) = {(vz) € H Z(Y;Z,x,c) | vye = evy for all e}.
z€C(S) 4.4.5
Here e :x — y and vze,evy € Z(Y;2,y,¢).
Note that || above means infinite linear combinations.

If 9Y1 = (—R)U S, then we can think of Y7 as a bordism from R to S and A(Y})
as an A(R)-A(S) bimodule (i.e. it has an action of A(R)°P x A(S)).
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Corollary. Let 0Y1 = (—R)U S and 0Ya2 = (—=S)UT. Then
AY1UsYs) = A(Y1) ®s A(Yg).

(See Appendixz A for the definition of ®g.) In other words, we have a functor from
the category of n-dimensional bordisms to the category of bimodules.

(Some authors use the above functorial property as an axiom for the codimension-
1 gluing properties of TQFTs, but note that without auxiliary axioms it fails to
handle the case of gluing an n-manifold to itself, nor does it cover interrelationships
between different bordisms with the same underlying manifold (i.e. moving a part
of the incoming boundary to the outgoing boundary, or vice-versa).)

Let Y, S, R, Yg, ¢ be as before. Assume now that A(S) and A(R) are semisimple
categories. Let £ be a complete set of irreps for A(S) and K be a complete set of
irreps for A(R). Then

AY) = P A5 87 a" @B Y,
B,y

where the sum is over «a, 6 € £ and v € K. Note that the dual representation o* is
a right irrep of A(S)°? = A(—S), and so a* ® [ ® 7 runs through a complete set of
irreps for A(9Y"). (See (4.3.3) above.) Also

A(Yy) = P AV ) @ .
vek

By (B.5.1), if « is an irrep then the coend of a* ® « is canonically isomorphic to C,
and if & and ( are irreps and « is not isomorphic to § then the coend of o* ® 3 is
0. It follows that

Corollary. Retaining notation from above, there is a natural isomorphism
A(Ygl; ’Y) = @ A(Y7 Oé*, «, ’Y)
acl

Dually, we have that the end of a* ® « is canonically isomorphic to C and the
end of a* ® B is 0 if « is not isomorphic to 3, for irreps « and 3. Hence

Corollary. Retaining notation from above, there is a natural isomorphism
Z(Ya;7) = P Z2(Y;0%,a,7).
acl

The above corollary is the old-fashioned version of the codimension-1 gluing
theorem (see e.g. [Walk91]).
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-5

S
+S

Raise

VR

Gluing n-manifolds with corners

Next we consider gluing with corners for n-manifolds.

Let Y be an m-manifold with identifications 0Y = (=S)U SUR, 90S = P,
OR = P U —P (see Figure (4.4.8)). Let Yy be Y with —S glued to S. Let Ry be
R with —P glued to P. Note that Yy = Ry.

Choose ¢ € C(Rg) and assume that ¢ is the gluing of some & € C(R;Z,2),
z € C(P). Then A(S;2)° x A(S;z) acts on A(Y;-,- c!) and we have the following
generalization of (4.4.2).

Theorem. A(Yy;c) is the coend of the action of A(S;2)°P x A(S; 2) on A(Y;-, -, c*).
(a) For each object x of A(S;z) there is a map

gl A(Y; 2, z, cﬁ) — A(Ygi;0).

(b) For each morphism e : x — y of A(S;z) the following diagram commutes

Az, 2, ct)
AY; 5, z, cb) A(Ygi;¢)
A(Y:G.y.)

(¢) A(Yg;c) is the universal object (vector space, set, or whatever flavor of A
we’re using) with properties (a) and (b). In other words, given a W and maps
gll + AY;Z,2,¢) — W (for all =) such that the diagram analogous to the one
in (b) above commutes for all e, there is a unique 0 : A(Yg;c) — W such that
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gll, =0ogl, for all x.

A(Y; 2, a, )
gly,
ex1
A(Y§§7%Cﬁ) gla
gly
1xe "
A(Y35,y, ) o

The proof does not differ in any interesting way from the proof of (4.4.2). All of
the other results in this section generalize easily to gluing n-manifolds with corners.

Note, however, that (4.4.9) is a somewhat unsatisfactory result. We want to
know not only A(Yy;c) for various ¢ € C(0Yg1), but also the action of A(0Yy) on
A(Yy) (and also Z(Yy)). For gluing without corners, 0¥y is a closed submanifold of
dY and knowledge of the action of A(QY) on A(Y") translates easily into knowledge
of the action of A(0Yy) on A(Yy). For gluing with corners, this is not the case. In
order to state a more powerful result on gluing n-manifolds with corners, we first
need to understand gluing n—1-manifolds without corners. That is, we need to be
able to describe the category A(Rg) is terms of the categories A(R;Z,z) and the
action of the 2-category A(P) on them. This is done in Chapter 5.

still to do in this chapter:
e need to state cat conditions for general version of gluing
e YYYYY: insert examples into later sections (A and Z defs, cylinder cats, ...)

e need to be clearer about A maybe/maybe-not being linear (examples will help
with this)

e make clear how empty boundary case works
e need to define “codim-k” near the start

e 77 retain old manifolds — cat — n-vect space thing? put it in some other
chapter?



Chapter 5

Basic Constructions and
Gluing 11

This Chapter is analogous to Chapter 4, but one dimension lower and hence one
category level higher. We show that n—1-manifolds with boundary give rise to col-
lections of 1-categories; that these collections afford a representation of a 2-category
associated to the n—2-dimensional boundary of the n—1-manifold; and that these
2-category actions can be used to state and prove gluing theorems for A and Z of
1-manifolds.

[need to finish this intro once chapter is complete]
[WARNING: need to replace a with @ and X with —X in many places]

[WARNING: in order to be consistent with other chapters, need to switch right and
left actions, and modify most of the figures]

5.1 2-Category Actions

By 2-category we mean a disk-like 2-category, as defined in (A.2.1). In particular,

there are conjugations (corresponding to homeomorphisms of I and D?) defined on

the 1-morphisms and 2-morphisms, and these conjugations satisfy various identities.
Let P be a closed n—2-manifold. We define a 2-category A(P) as follows:

e O-morphisms (objects): C(P).
e l-morphisms from a to b: C(P x I;a,b).

e 2-morphisms from e to f: A(P x I x I;e, f), where P x 9l x I C (P x I xI)
is pinched, so that (P x I x I) can be identified with P x I x JI.

e Composition of 1-morphisms: given by the gluing (P x I)Up (P x 1) = P x I.

37
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o~

Composition of 2-morphisms: given by the gluing (Px I X I)Upxj(PxIx1I)
PxIxlI.

[need to decide whether other type of composition of 2-mors is part of the data
(as opposed to derived)]

Associativity 2-morphism for composable 1-morphisms e, f, g: the track of an
isotopy from (ef)g to e(fg) (two distinct but isotopic fields on P x I).

Conjugation of 1-morphisms: given by an orientation-reversing homeomor-
phisms from I to itself.

Conjugations of 2-morphsisms: given by various homeomorphisms from I x [
to itself.

[maybe go over above in more detail at (A.2.1)]

A left representation W of a 2-category C' consists of:

For each = € C°, a 1-category W,.

For each e € C’;y, a functor W, : W, — W,. (We usually simplify notation

and denote W, by e.)

For each e € C’%y and f € C’;Z, an invertible natural transformation WZ,
between W.W} (composition of two functors) and W,y (functor associated to
the composition of two l-morphisms). In other words, composition is only
preserved up to natural transformations, and these natural transformations
are part of the data of the representation. (We usually simplify notation and
denote WS, by cey.)

For each h € C’ff, a natural transformation Wy : W, — Wy. (We usually
simplify notation and denote W, by h.)

For each e € C’%y, uw e W2 and v € Wyo, an adjunction (natural bijection)
between mor(ev,u) and mor(v,e*u). If the W.’s are linear categories, the
these adjunctions are required to be linear. [is my use of “adjunction” here

standard? if not, change or explain why I'm being slightly non-standard]

There are various relationships between conjugations in C? and the adjunc-
tions, between the various ¢,y and associator 2-morphisms, etc. [be specific
here?]

A right representation is defined similarly, reversing the direction of the C*

actions: for each e € C1

a functor We : W, — W,,.

TY?
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The functor for e

ex T

Let S be an n—1-manifold with boundary. For each z € C(9S) we have the
1-category A(S;x), and this collection of 1-categories affords a left representation
of the 2-category A(0S) as follows.

Let C denote A(0S). For e € C’%y = C(0S x I;x,y) we need a functor (also
denoted e) from A(S,y) to A(S,z). On objects this functor is given by gluing a
copy of e to S along 9S (i.e. we add a collar to 9S containing the field e¢). On
morphisms this functor is given by gluing a copy of e X I to S x I along 95 x I.
(This involves unpinching parts of the boundaries; see [need ref for this? or is it
clear?].) It’s clear that composition is preserved, so this defines a functor. (See
Figure (5.1.1).)

For e € C’;y and f € C’Z}Z we need an invertible natural transformation c.y con-
necting the composition of the actions for e and f with the action of the composition
ef. This is given by the track of an isotopy, supported in a collar neighborhood of
08, connecting the corresponding (compositions of) collaring homeomorphisms.

For h € C’ezf = A(0S x I x I;e, f) we need a natural transformation between the
functors for e and f. This is given, at u € C(S;y), by gluing a copy of h to ux I (see
Figure (5.1.2)). The proof that this collection of morphisms actually does comprise
a natural transformation, that is, that this diagram

em
€Uy — €ev

S

fuwfv

commutes for all u,v € C(S;y) and m € A(S x I;u,v), is illustrated in Figure
(5.1.3). [need to say why this works for general fields; cite specific properties from



40 CHAPTER 5. BASIC CONSTRUCTIONS AND GLUING II

f

h@ D

(&

o < //\ ~
Y

The natural transformation for h

(T AT
P PNIELY

eu
Verifying the natural transformation

eu

the field defs; clearly works for our basic examples (pictures and maps); or, better,
do the proof in the fields section/chapter]

For e € Cp,, u € C(S;z) and v € C(S;y). we need a bijection (isomorphism)
between A(S x I;ev,u) and A(S x I;v,e*u). This is given by an isotopy of S x I
which shifts a collar of 9S from S x {0} to S x {1}; see Figure (5.1.4). (Note that
this is one of the few times we consider isotopies of manifolds which do not fix the
boundary.) This completes the proof that {A(S;-)} affords a left representation of
A(0S). We will denote the entire representation package by A(S).

A similar argument shows that {Z(.S;-)} affords a right representation of A(9S).
Denote this representation by plain Z(S). If, for an n—2-manifold P, we define Z(P)

QA

Adjunction isotopy
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—-P x P P

AV '
PxI

!

o2 do e L
m
Gluing along P

to be the 2-category of all right representations of A(P) [need to say what sort of
2-cat this is and why], then we have, for all n—1-manifolds S,

Z(85) € Z(95) 5.1.5

This is a categorified version of (4.3.2) and a doubly categorified version of (1.2.1).
[also forward ref to combinatorial version of (n + 1) gluing?]

5.2 Gluing

Next we use the above representations to prove gluing theorems for A and Z of
n—1-manifolds. Suppose we have the usual gluing (without corners) scenario: an
n—1-manifold S with an identification S = (—P)UPUQ. For notational simplicity
we will henceforth ignore Q. We have an action of the 2-category A(—P U P) =
A(P)°P x A(P) on {A(S;-,-)} (equivalently, commuting right and left actions of
A(P)), and we would like to compute the 1-category A(Sg) from this action.

We will start by noting some relationships between A(Sg) and A(S). We will
then prove that A(Sy) is the universal 1-category with these properties (what one
might (and we will) call a categorified coend or 2-coend construction).

To simplify notation (and also allow for its reuse), denote the 2-category A(P)
by A, denote the 1-category A(S;z,y) by Wy, (where z,y € A® = C(P)), and denote
the 1-category A(Sg) by C.

For each x € A° we have a functor

gl, : Wye — C.

On objects this functor is given by gluing S along P to obtain Sg. On morphisms
it’s given by gluing S x I along P x I to obtain Sy x I. (See Figure (5.2.2).)
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-P P
¢ L)\
(& ku—/(
PxI
Q \ - gly(ue)
Se:r;
\\ \\ b glz(eu)

seatx

For each e € Aglﬂy we can construct two functors from Wy, to C, gl, o(e x 1) and
(1 x e) ogl,, and there is an invertible natural transformation s, between these two

functors:

Wyy
Way ¢
& 4
WZ‘Z‘

(This is a 2-dimensional diagram with each i-cell labeled by an i-morphism. Here
and below we follow the convention of placing 2-morphisms (e.g. natural transfor-
mations) in the appropriate 2-cell of a diagram with a surrounding box instead of
an accompanying arrow. This is in order to keep the diagrams from getting too
cluttered. The range and domain of the 2-morphism is usually clear from context.)
The morphisms for s, are tracks of isotopies (in Sg x I) which shift a copy of e
across the gluing locus P. (See Figure (5.2.4).)

natural transformation.

It is easy to verify that this is a
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(1 X h) [ idg1I

N

A

A commutativity relation

A
Q

N\

(hx1)eidy,

For all h € Ae ¢, the following diagram commutes:

VAN
N\ A

The above diagram should be thought of as a cell decomposition of the 2-sphere
with four 2-cells. (The 2-cell “at infinity” is labeled by s;.) There are two different
ways of composing the natural transformations in the diagram, ((1 x h) eidg ) o s,
and sy o ((h x 1) eidy ). (Here o denotes “horizontal” composition of natural
transformations (see (A.2.2)) and idg denotes the identity natural transformation
from the functor gl to itself.) The commutativity of the diagram means that
these give the same natural transformation between the functors gl, o(e x 1) and
gl o(1 x f). Roughly speaking, the shift morphisms s, commute with the (gluings
of) the 2-morphism actions h. The proof of this assertion is indicated in Figure
(5.2.6).

D
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f e fe

\\\\ ] @ -

Another commutativity relation

For all e € Au,lt and f € AL the following diagram commutes:

Yz’

(fe)><1

/
W,. gl
1xf
S \
W
1xf
1><Cef\

1x fe ~~ W

Again, the diagram should be thought of as a cell decomposition of the 2-sphere,
this time with six 2-cells. The functors for the two sides of the 2-cell labeled “id”
are both e x f, and so are connected by the identity natural transformation. There
are two ways of composing the natural transformations in the diagram to obtain
a natural transformation between the functors gl, o(fe x 1) and gl o(1 x fe), and
the commutativity of the diagram means that these two natural transformations are
equal. Roughly speaking, this means the the shift morphisms preserve composition
of 1-morphisms; s,y can be computed from s, and sy. The proof of this assertion is
indicated in Figure (5.2.8).

gl,

It turns out that the above properties uniquely characterize A(Sg). To make
this statement more precise, we need a definition.
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Definition. Let A be an arbitrary disk-like 2-category, and let {Wyy} be a collection

of 1-categories affording an A°P x A action. A 1-category C, together with functors
{gl,,} and invertible natural transformations {s.} satisfying (5.2.1), (5.2.3), (5.2.5)
and (5.2.7), is called the 2-coend of the A°? x A action if it is universal in the
following sense. If C', {gll.} and {s.} also satisfy (5.2.1) through (5.2.7), then
there exists a functor @ : C — C' and, for all z € A°, a natural transformation
Ng : 0ogl, — gl such that

T

commutes for all e € Au,lcy.
[need to talk about uniqueness of 2-coend]

Theorem. A(Sy) is the 2-coend of the A(P)°® x A(P) action on {A(S;xz,y)}.

Proof. We will introduce two new categories, G (G for generators and relations) and
P (P for parallelogram). Both will have concrete algebraic descriptions. It will be
easy to show that G is (up to natural isomorphism, of course) the 2-coend of the
theorem, and that P is isomorphic to A(Sg). We then show that G and P are
isomorphic. (So G and P provide two alternative, more concrete descriptions of the
2-coend.)

First we define G. The objects of G are |J,c 40 W,. The morphisms will be
defined in terms of generators and relations. There are two types of generators,
Uyea0 Wiy (with the obvious choice of range and domain), and, for all z,y € A°,
ec A}Ey and u € Wyom, morphisms

Oey @ €U — UE

-1

Jeu

ue — eu

The morphism of G corresponding to f € WL, will be denoted f, unless there is no
chance of confusion, in which case we denote it as plain f. The relations are

—

e fG=1g

° O’euO'e_ul = ide, and ae_ulaeu = idye

0.2.12
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® 0. is a natural transformation between the right and left actions of e € A}cy:
for all f € (Wyz)bys €f0cw = Ocufe

o forallh€ A2, ocy(h x 1)y = (1 X h)y0ery

o forallee Aglcy and g € Azl/z and u € W2

— 1 3
s> Oequlgue = QU " Ogg @, Where o is
the associator for e and g at u

Next we show that G is the 2-coend of the iél x A°P action. There are obvious
functors gl : W, — G for all = (sending f to f), and, with o.. playing the role of
Se, the above relations for G guarantee that these data satisfy (5.2.1), (5.2.3), (5.2.5)
and (5.2.7). Let C’, {gl},} and {s.} be as in the definition of 2-coend. We must
define a functor 6 : G — C” satisfying the conditions of (5.2.9). On the objects of G
define 0 so that 6 o gl, = gl’. for all z. On the generating morphisms coming from
W, again define 6 so that 6 o gl, = gl), for all z. Finally, define §(oc,) = ., and
0(oz) = (st)u -

We must show that the above definition of # on the generators of G! respects
the relations. Since the relations are just translations of the commutative diagrams
defining the 2-coend, this is easy to do. (5.2.11) follows from the fact that gl is
a functor. (5.2.12) follows from the fact that s, and (s.)~! are mutually inverse.
(5.2.13) follows from the fact that s, is a natural transformation. (5.2.14) follows
from (5.2.5). (5.2.15) follows from (5.2.7). Thus 6 is a well-defined functor.

Finally, we must define, for all x, an invertible natural transformation 7, : gl’, —
fogl,. Since these two functors are equal, we can take 71, to be the identity natural
transformation.

Next we define P. The objects of P are again [J, ¢ 40 W2,. The morphisms from
ueWl tov e Wz?y are

@ mor(eu, ve) / <po(hoidu) ~ (idy oh) o p>

ecAl,

Here mor(eu, ve) = (Wya)&y e and h € Agf. The equivalence class of a € mor(eu, ve)
will be denoted gl,(a) € PL,. We think of a morphism of P as a parallelogram with
short sides labeled by e and long sides labeled by w and v. See Figure (5.2.17).
(More literally, a morphism of P can be thought of as a field on Sy x I restricting

toeon Py x1I.)
[need to replace most (all?) occurrences of idy,, ® with simple juxtaposition]

To complete the definition of P we must specify how to compose morphisms. Let
p € mor(eu,ve) and ¢ € mor(fv,wf), where e € A}Ey, feA,  ueWl, ve Wz?y’
w € W2,. Then define

gle(q) o gle(p) = gler((ge) o (fp))-
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v
e~
A \f{
u
5.2.17 | Morphisms for P

(There should be some associators inserted above, but they have been omitted for
simplicity.) See Figure (5.2.18).

The objects of P are essentially all of the objects of A(Sg). (More precisely,
they are all of the objects which are transverse to the gluing surface.) It follow from
(4.4.4) that the morphisms of the two categories are identical. So all that remains
is to show that the two composition rules coincide. This is illustrated in Figure
(5.2.19). The basic idea is that the equivalence relation on morphisms of P allows
us to eliminate id, and idy from the definition of composition in P, yielding the
result of composing in A(Sg).

Now we must show that G and P are isomorphic. Predictably, we define functors
a:G— Pand (:P — G and show that cwo 3 is the identity functor on P and Go«
is the identity functor on G. Note that G% = PY, so we can (and do) define both «
and 3 to be the identity on objects.

First some notation. For e € Aglﬂy, let V..« € A? be the 2-morphism conjugate to
id, with domain id, and range ee*. Let Ao+ € A? be the 2-morphism conjugate to
id, with domain ee* and range id,. See Figure (5.2.20). [put these defs earlier and

just recall them here??]

Keeping the topological interpretation of the algebra in mind, it’s easy to define
a. Let afoy)) = glo(ideue) and a(oeu) = glox(Aere @ idy @Veer). For h