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BERTRAND PATUREAU-MIRAND, AND INGO RUNKEL

ABsTrRACT. We use modified traces to renormalize Lyubashenko’s closed 3-
manifold invariants coming from twist non-degenerate finite unimodular rib-

hon catecories. Our constriction nrodnces new tonolagical invariants which
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KUPERBERG AND TURAEV-VIRO INVARIANTS IN
UNIMODULAR CATEGORIES

FRANCESCO COSTANTINO, NATHAN GEER, BERTRAND PATUREAU-MIRAND,
AND VLADIMIR TURAEV

ABSTRACT. We give a categorical setting in which Penrose graphical cal-
culus naturally extends to graphs drawn on the boundary of a handlebody.
We use it to introduce invariants of 3-manifolds presented by Heegaard
splittings. We recover Kuperberg invariants when the category arises from
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A trace t on a tensor ideal F C € is a family of linear maps
{tx : Endg(X) — k}xes
subject to the following conditions:
1) Cyclicity: For all XY € S and f: X =Y, g:Y — X we have
ty (fog) =tx(go f);
2R) Right partial trace: For all X € .,V € € and h € Endg(X ® V),
txev(h) = tx(trr(h));
2L) Left partial trace: For all X € #, V € € and h € Endg(V ® X),
tvex(h) = tx(trp(h)).

Since € is ribbon, conditions 2R) and 2L) above are equivalent [GKP10].

We say a trace t on an ideal ¥ C € is non-degenerate if for every V € ¥ and
every W € & the pairing ty (-0-) : €(W, V) x€(V, W) — k is non-degenerate. An
important example of a tensor ideal is the projective ideal Proj(#). It is shown
in Theorem 5.5 and Corollary 5.6 of [GKP18] that:



2.4. Coends and ends. We will now recall some well-known facts about the
end of the functor € x €°P — € sending every (U,V) € € x FP toURV* €€
and about the coend of the functor €°P x € — € sending every (U, V) € € to
U*®V € €. We use the notation

Xe®
&= X®X", 2’:=/ X*"®X,
Xev
jx: &> X® X", ix: XX > %,
for the end and the coend respectively, and for their corresponding dinatural
transformations. See Sections IX.4-1X.6 of [M71| for a definition of dinatural




2.5. Integrals and cointegrals. Let us assume that € is in addition unimodu-
lar. A morphism A € €(1, %) is called a right integral of & if it satisfies

(11) po(A®idg) =Aoe.

A left integral of Z is defined similarly?. It is known that right /left integrals of &
exist and are unique up to scalar, see Proposition 4.2.4 of [KL0O1]. Furthermore,

\3 A 0-bottom graph is simply called a bichrome graph. See Figure 2 for an
W example of a 1-bottom graph together with its smoothing.
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FIGURE 2. A 1-bottom graph and its smoothing.




(X1, Y1,...,X,,Y,) € (€°P x €)*". The n-dinatural transformation 7; asso-
ciates with every object (X7,...,X,) € €*" the morphism

Fe(Tix,,. x)) EBXI®X1®...0 X} ® Xn® Fgle, V), Fe(e/, V),

where T<X1““,X”) is the ribbon graph obtained from the n-bottom graph 7' by
labeling its kth cycle with X}, by labeling every bichrome coupon intersect-
ing it with either ix, or jx,, the structure morphisms of & and & defined
in Section 2.4, for every integer 1 < k£ < n, and by forgetting the distinction
between red and blue. The universal property defining & implies the object
L ® Fg(e,V) equipped with the dinatural transformation i®" @ idp, (. v) is
the coend for the functor Hp, (. y) o 0. This determines a unique morphism
fel17) € B(Z5" @ Fe(z, V), Fe(', V') satisfying

(26) fe(ng) o (ix, ® ... ®ix, ®idp(v) = Fe(T(x,,...x,))-
Then we define FA(T) : Fg(e,V) — Fg(e', V') as
(27) FA(T) := fe(ng) o (A®" @ idp, (¢ v))-

Proposition 3.1. Fj : Zp — € is a well-defined monoidal functor.









