
From @ +E)-dimension TQFTS to

4+17 - dimensional TQFTS

( without semi simplicity assumptions)

these slides : https://canyon23.net/math/ta1ks/npI.pdf

joint work with David Reutter
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UTE - dimensional " TQFTS are plentiful and

easy to construct

• ingredient : functors C
" :( K- balls:{¥EÉe:}-morphisms )
→ set

(Ofkfn ; perhaps linearized

when K=u )

• examples : ① CCX) :={ maps ✗→ T} e.g. F- Bs

② elx) :={ c- string diagrams on X}
C : H -pivotal U-category , H-spin.SE

.



• require { ek} to be compatible with

gluing , restrictions to boundary

* Extend C from balls to manifolds (of dimension 0 -
- -

- 4)

Vice colimit construction ( over poset
of ball decompositions

CCM
" ) :

"

skein module
" ( vector space)

f (44-1) : objects of cylinder
category linear

C ( Y
""xI) : morphisms of cylinder category

} category

fully :

extended -9 : µ- K) - cate.gov#.AlX*),j-morpuisms--E(XxBi)



ÉÑ h=2 2-condition c

Alm?§=1k[{%D¥¥}]/~
1- (5) = ( obj :{*9 b

Mor : Al .FI/--lkKEI-3J/~
Composition : €€f

← stacking cylinders

AlM"ic),cee(jnj£¥Ñ
Note : {ACM; •B affords an action of the B-cat AGN)



from nte to ut't mint
q 9

• for every bordism •Tg6
"
"

h

Min
dW= Mouth

,
Ñin

want : ZIW
""

) : -11min)→A(Mont)
} dmout-Y-dm.is

ACY)- module map

compatible with gluing of City - manifolds and

homeomorphisms of n- manifolds



K - handle bordism

H ,,=BKxB
"" "

:S
""xB

" -"'

→ Bkxgn - K

/ Bkxgn
- K

skis"
" H ¢

" -11=4 1
Isk

- '

✗ Bn
- ¥+1



Std
. topological fact :

[ In + 1) - manifolds]I [ handle decompositions]/~
① distant reordering

strategy : §ÉÑÉmeut③handlecauceKation#Define 2-(11-0)
,
ZCH

, ) , . . .
a. . 2- (Hati )

.
Then verify③•

(① and② come for free
.)



Warm-up : n=I case Ho

• Choose 2- (B) :ACS ') → It co- handle) ⑤

no Pairing Po : A (B) ④ ALBY → 1K

-8
✗☒ y to 2-(B)(xoy)

and If Po is non -degenerate
,
] copairing

Qo : f- (B' 1,9A ( B
'

)y→ ,

ACB
'

) ☒ ALBY
4 3 2

ms Define ZCH , ) = 2- ( FFA ) = Q ,



no compute 2-(5×1)=2-1÷]=z(Ho)•Z( Hi ):
=ZCHo)•ff

my Pairing P* = 2- ( s 'xI) : Acs ') ☒Acs ')→HT ④
→ If P, is non-degenerate

,
=] copairing

Q± : 1K→ Acs's ④ Acs 's ④
go

→ compute ZCH .)=Z /④ = 2- CHO )•Q±£



Conclusion : If extension from HE to 1+1 exists
,

then it is completely determined by choice of

2-( Ao ) : A-(5) → 1K
.

A necessary, condition for
2-( Ho)

to extend is that the pairings Po and P, are

non -degenerate .



Fhm ( W, Reutter)
.
Let A( • ) be an nte -dimensional TQFT

as above
.
Choose 2- ( B

" " )=Z(Ho) : ACS
" )→tK•

Then ZC .:) extends to a full UH -dime TQFT if

and only if the inductively defined pairings

Pk :A(sk×B
"")☒AlSK×B

""

/→ 1K
,
Often -1

are non-degenerate .

Remark 1 : If Po
,
P
, ,

.
. -

,
Pm are non-degenerate , then can

define ZC . -- ) on uh -dime handle bodies
,
all handles of

index E MH , invariant
under handle cancellations of index { m+1

.



Remark 2 : Proof depends only 2- functor

A :( n - l - manifolds, in- manifolds, homeomorphisms→ target 2-cat

Earlierre¥-
• WW

.
2006 - semisimple , positive def. case

• Lurie 2009
- N - cat case , framed

manifolds
,
non- pivotal a- cats



Proof :
[All diagrams are in target 2-cat, but

/←N
"

most labels are in source bordism 2-cat
.]

B"→← B
"yn

"w Yi
"

µ,,
¢ tsn 0

i \o/
4mn

We want to ÑÑÉÑ¥pÉsm
from me -dink Taft

skis"
" H ¢

" -1

/gk- '✗ Bn - ¥+1



satisfying handle cancellation :

skxgn- k - I

B"YBk"×s
"",;,

""
✗ S
" ""

SKXB"
- K

~ s
"" / ¢① sn

" 0

"

¥⇐ B"

Bn\§K¥Bn
- "+if SH- ' ✗ Bn-K+ ,

/ B"

= ⑤



Assume 3 2- ( Ao) ¢ Is
"

¢

!
Ho=p

""

such that the induced pairing P;

B"|%B" F) B
"

Psn⑨ ④ ÷

☒
0

④
is non-degenerate ,

in the sense that Fsn .# ¢ ¥,

1=4 ! ¥94s"②

1
B
"

B"



Lemma .⑨

1B
" 1B

" \
☒ ✗ = ① ¢ ⇐ ¥= ④5

"

Ip 5" Ipi

Pf
. Easy .
--
Define Po = B' 4- Po

'

,
Qo=QY1Qo•

Inductive assumptions :

skxs
"

"÷gk×Bn- K sH×B
" -"! stg " -k- I¥" 1¢ % ↳ "

✗ B
" - K

!

satisfying two Zigzags



Inductive steps . . . .
SK- ' ✗ Sh

- K Bkxg"
- K

t:=° /
§

/ Y
- S

"- '

xp
" -1-1+1

/
¢ 1- s

"

☒

°

SK- '
✗ pgn

- Ktl

skxgh
-4-1

sK×Bn-k\)gK×B " - K

&
B
"
is
" - K\p:=

¢ 0

S
" - K

✗ BK §
s Bn - k*i

- S
"

④
y y

'

• = copairingof PK , if it exists



handle cancellation
.

By ⑤ +⑧
,
④ follows

from

b

( B
"

B "

¢
/

s
"

yay ,
¢ ¢

( =\
,

B
"

µBn ④

④

{ expand Hk



5
"

pins ""

0

ñt*⇒fQ÷
/ µ:*;1-← S

"t ↳1)- B
"-1×5

"- KH

B"Ys¥pik+y(t"↳ qq.RS#-ZxBn-kxz¢ gk - zygn
- KH

B
"

/← s "
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" SK-1×5 - K

{
""

"
""

""
""

°

Ign
-1++1

( ×B"
""

"

§ : interchange
B
"

Biysk?,Bn-k+
'+¥÷"→

¢

prop .
from n+gY"×B

"""

ygy,
diffeo

s
"-kH×BK

-1
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sn
- l B

"

%¥s"- Bkxsn -K 0

/

µ
-1¥

"¥¥µ i.ri
""

gk
-l
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-KH

'

÷ interchange{
+ date . §?.µ
,
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..gg ,!
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S
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I ¥8



I s
" " JB

"

"

as ""

0

" detof

/ ¥-1Bn
-1++1

Pal
tinterchanse

!↳ pink
"

"

P

+ D.



I s
" -1 / B

"

B
"

*¥¥su pins ""

• :

P -Q zigzag gk-i×BT¥✓
¥9

"

Kai
Psn by diffeo property=

☒

QE_D_



Mysterious ( to me) non- semisimple TQFT constructions :

4990g : Lyubasheuko , Kyperebers , Hennings, .
. . .
.

TV- ish :

RT-ish.tl



mg consider non - ☒ - unital ④ - categories
.

no non - ☒ -unital skein theory [ D. Jordan]
(this is still work in progress)

T=3
,
P = non -☒- unital ribbon category ( e.g. projective ideal in .

. . .)

A(M3 ) :=lk[{P - ribbon - graphs inM}]k local relations with
non- empty d-condition>

Then

A- ( S3)* <→ space of
"

modified traces
"

2- ( Ho) c-AISH <→ choice of modified trace



pairing Po non- degenerate to modified trace non- degenerate

1- [ ] <→ co end of

✗ ☒ Y to morp#
☒%-)f×0Rep (P )

2- ( H2) :Als
'

✗B) →ALDIS ') no integral for
this co end



Note : In Geer et al examples
, p± (projective cover

of ☒ - unit ) has the following " weak ☒ -unit " property :

A =

' f' 9sv•Jp
,

b- objects VEP

vt

So can fill m3 with
"tendrils

"

:

→ ftp.V#0z



Non - semisimple Crane - Yetter 3+1 -dime TQFT

P as above
.

W
" oriented 4- manifold . G : P - ribbon

graph in 2W
.
Goal : evaluate Zlw)( G) c- 1k .

Choose handle decomposition Wocwicwzcwzcwy __w

( Wi = 0 - handles U - - Ui - handles)

Recall from above

2- ( Ai ) :A( Bixs
")→A(si

- '

✗ B
"- i)



Define
JP,

2-(1+4110) = ④ c- Als
>

)
⑥ P

,

BHS;

2-(Hs) /! = c- A(5×B
' )

±

2-( Az) / ] = c-ACS
'

✗ B)
BFS'

ZCH , ) /¥Y= 4
c- Als :B

' )
tr tr

B'✗5



2-( Ho) = mtr : A (5) → 1k
- - - - - - -

- -
- -

-

- - -
-
-
-
- - -

- -
- -

- - -

Then
. . ..

Zlw. )

÷

= Zlw ,)|°& & &]
9 7

21 4- handles)
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Fhm ( W, Reutter)
.
Let 1- ( • ) be an nte -dimensional TQFT

as above
.
Choose 2- ( B

" " )=Z(Ho) : ACS
" )→tK•

Then ZC .:) extends to a full UH -dime TQFT if

and only if the inductively defined pairings

pµ:A(sk×B
"")☒AlSk×B

""

/→ 1K
,
Often -1

are non-degenerate .

Remark 1 : If Po
,
R
,

.
. -

,
Pm are non-degenerate , then can

]&
define ZC . -- ) on uh -dime handle bodies

,
all handles of

* [ index E MH , invariant
under handle cancellations of index £m+1

.

*



• very common for Po to be non -generate :
- n=2orn=3

, Repelg) , q generic . ⇒

can define generalized Jone polynomials for

links in 2( 5×501=1--1--15×8)

• { init) - dim 't k- handle bodies}/⇐k) - handle moves
± (NH) - dim 'l manifolds w/ ⇐ K) - handle Strada

,

except when ( UH,K)= (4,2)
.-

( related to Andrews-Curtis problem )



• interesting Intl , K) = 14,2) example :

A- (NP ) := 1k [{ un oriented surfaces in M}]/~
① partition relations

②

2 - -④ - +°=o



In this example, Po and P
,
are

non- degenerate
,
but Pz is degenerate

.
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